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Strategies for manufacturing 3D meso-
structures in advanced materials are 
of increasing interest,[1–16] motivated 
by applications in areas ranging from 
microelectromechanical and nano-
electromechanical systems (MEMS and 
NEMS),[17–23] energy storage devices,[24–28] 
to metamaterials,[7,29–34] to electronic 
and optoelectronic systems,[35–42] and to 
biomedical tools.[43–49] Many different 
manufacturing approaches are now avail-
able, including those based on rolling/
folding,[50–54] nonplanar bending,[55–57] 
3D printing,[58–62] and geometric trans-
formation guided by buckling.[63–69] 
These latter approaches are particularly 
attractive due to their compatibility with 
well-established planar fabrication tech-
nologies and advanced thin film materials, 
as demonstrated through many examples 
of electronic devices and microelectro-
mechanical systems with unusual and/
or enhanced performance due to their 3D 

Deterministic transformations of 2D patterns of materials into well-controlled 3D 
mesostructures serve as the basis for manufacturing methods that can bypass 
limitations of conventional 3D micro/nanofabrication. Here, guided mechanical 
buckling processes provide access to a rich range of complex 3D mesostructures 
in high-performance materials, from inorganic and organic semiconductors, 
metals and dielectrics, to ceramics and even 2D materials (e.g., graphene, MoS2). 
Previous studies demonstrate that iterative computational procedures can define 
design parameters for certain targeted 3D configurations, but without the ability 
to address complex shapes. A technical need is in efficient, generalized inverse 
design algorithms that directly yield sets of optimized parameters. Here, such 
schemes are introduced, where the distributions of thicknesses across arrays of 
separated or interconnected ribbons provide scalable routes to 3D surfaces with 
a broad range of targeted shapes. Specifically, discretizing desired shapes into 2D 
ribbon components allows for analytic solutions to the inverse design of centrally 
symmetric and even general surfaces, in an approximate manner. Combined theo-
retical, numerical, and experimental studies of ≈20 different 3D structures with 
characteristic sizes (e.g., ribbon width) ranging from ≈200 µm to ≈2 cm and with 
geometries that resemble hemispheres, fire balloons, flowers, concave lenses, 
saddle surfaces, waterdrops, and rodents, illustrate the essential ideas.
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architectures.[70–76] A rich diversity of accessible 3D topologies 
is possible[63–68] as a result of complex mechanical deforma-
tions of patterned thin films or multilayers in a transformation 
process that combines compression/shearing loading at mul-
tiple locations across a 2D precursor. Here, the first step is in 
fabrication of such a precursor structure, followed by transfer 
printing onto a prestretched elastomeric substrate, where cova-
lent bonding occurs only at precisely selected regions. Release 
of the prestretch imparts compressive forces at these bonding 
sites to trigger buckling processes that induce a transforma-
tion into a 3D configuration. Key control parameters include 
the geometry of the 2D precursor structure, the location of the 
bonding sites and the pre-strain of the substrate.[63–65,69]

Development of an inverse design method to define these 
parameters for a desired 3D structure could increase the utility 
of this overall approach. Some techniques have been estab-
lished for the other types of assembly methods, including flat 
sheets with prescribed origami and kirigami patterns,[77,78] 
liquid crystal elastomer sheets with designed nematic director 
fields,[79,80] pneumatic shape-morphing elastomer with a spe-
cific network of airways embedded inside the elastomer.[81] 
However, these techniques are generally not applicable to the 
design of buckling-guided 3D assembly, due to fundamental 
differences in basic operational principles. Previous reports on 
buckling-guided 3D assembly focus on the analyses of “forward 
problem” that mainly deals with the prediction of the geometric 
configuration of assembled 3D mesostructures for a prescribed 
2D precursor and loading parameters, either through theoretical 
modeling[82–95] or numerical simulations.[66,96,97] However, these 
methods are not applicable or efficient in solving the “inverse 
problem” that maps the target 3D geometry onto an unknown 2D 
precursor and loading parameters, because the former applies 
to limited classes of ribbon geometries, while the latter usually 
exploits the trial-and-error method and demands an unrealistic 
number of iterative calculations to determine the design param-
eters. Although optimization-based approaches[98,99] to inverse 
design have some utility, they cannot address requirements in 
3D surfaces/membranes with complex contours.

This paper introduces a versatile inverse design method 
that exploits spatial distributions of thickness in 2D precur-
sors as key design parameters, to enable precise reproduc-
tion of desired 3D surfaces. To introduce the approach, we 
begin with simple examples associated with 3D curved rib-
bons realized by out-of-plane bending, where analytic solu-
tions define the required variations of thickness along the 
length direction and the pre-strain in the substrate. By incor-
porating the ribbon width as an additional design parameter, 
this inverse design method can be extended to reproduce 
centrally symmetric 3D surfaces in a discretized manner. 
Using concepts inspired by computed tomography (CT), the 
same approaches can be utilized to realize surfaces with gen-
eral shapes. Experimental demonstrations include qualitative 
and quantitative comparisons between desired and realized 
3D geometries, for ≈20 different examples, with feature sizes 
(e.g., ribbon width) ranging from ≈200 µm to ≈2 cm. A diver-
sity of complex 3D configurations (e.g., those in hemisphere, 
donut, fire balloon, flower, concave lens, saddle, waterdrop, 
and rodent shapes) suggest potential applications in func-
tional devices.

Figure 1a provides a schematic illustration of the processes 
for assembling 3D mesostructures from photolithographi-
cally defined 2D precursors (see the Experimental Section for 
details). Here, greyscale photolithography patterns the thick-
ness and the 2D geometry of a layer of photoresist (AZ 4620), 
through spatial control of exposure dose. Reactive ion etching 
transfers this pattern of photoresist into a corresponding struc-
ture in an underlying layer of parylene. Here, an oxygen plasma 
with carefully adjusted pressure and power allows for matching 
of the rates of etching through the photoresist and the par-
ylene. Release of the resulting pattern of parylene onto a water-
soluble tape followed by patterned deposition of SiO2 through 
a shadow mask defines a pattern of bonding sites that form 
upon contact with a pre-stretched silicone elastomer (Dragon 
Skin; Smooth-On, Easton, PA). Compressive buckling follows 
from release of the pre-strain, to form a 3D shape. Demonstra-
tions in macroscale structures use printing techniques (Object 
260VS, Stratasys) instead of photolithography to create the 2D 
precursors, and where the bonding sites rely on patterned thin 
film adhesives.

An analytic model for inverse design applies to the simplest 
classes of 3D structures realized by buckling of 2D ribbons. 
Here, the target structure forms through compressive buckling 
of a straight ribbon with well-defined variation of thickness 
along its length. Consider a target structure whose axial shape 
can be characterized by the coordinates X(S) and Z(S) (see 
Figure 1b and Figure S1, Supporting Information). The curva-
ture (K) of the axis is given by
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where S is the arc length coordinate and LS is the ribbon 
length. When K(S) is positive everywhere along the coordinate 
S, a mechanics model based on the analyses of static equilib-
rium and Euler–Bernoulli beam theory (see Note S1.1, Sup-
porting Information for details) determines the primary inverse 
design parameters (i.e., the thickness distribution t(S) and the 
pre-strain of substrate εpre) analytically as
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where E(S) is the Young’s modulus, w(S) is the width, tmax is 
the maximum value of thickness along the entire length of the 
ribbon, and Lbonding is the length of bonding site (see Note S1.1, 
Supporting Information for details). The top four structures 
(marked by “A,” “B,” “E,” and “F”) of Figure 1b belong to this 
type of geometry (i.e., with positive K(S) everywhere). The axial 
coordinates of the target configurations and the corresponding 
inverse design solutions of these structures are in Note S1.3 
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Figure 1. Conceptual illustration of the fabrication approach and representative results of inverse design of a variety of 3D curved ribbon structures. 
a) Schematic illustration of the process for fabricating 3D mesostructures by compressive buckling of 2D precursor structures with spatially varying 
distributions of thickness. b) Representative results of the inverse design of 3D curved ribbon structures with a range of different length scales.  
(A)–(G) show 2D precursors designed by theoretical analysis and corresponding 3D structures based on experiments (SEM/optical images) and finite-
element analysis (FEA).
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(Supporting Information). The Young’s modulus E(S) and the 
width w(S) are constants in all of these cases. The experimental 
approximations to the thickness distributions t(S) involve:  
i) regions with zero thickness replaced with small thicknesses 
(e.g., tmax/10); ii) continuous distributions discretized as 10 dif-
ferent thickness values (for the photolithographically defined 
precursors) and more than 20 values (for the printed pre-
cursors). The thicknesses at the bonding sites are set to tmax, 
without loss of generality. The thickness distributions (left top 
panel in Figure 1b, A and B) defined by this inverse design 
method yield 3D structures that agree remarkably well with the 
target shapes. For the case of microscale structures, slight dif-
ferences follow from nonideal thickness variations due to limi-
tations in grayscale photolithography and etching, as shown in 
Figure 1b (E and F).

When K(S) is not positive everywhere across the target 
shape, the inverse design method must incorporate additional 
schemes. Figure 1b (D) presents an example with a complex 
distribution of curvature in the target shape, changing its sign 
four times between positive and negative. In this case, the 
addition of assist features imparts concentrated forces (along 
the out-of-plane direction, i.e., Z-axis direction) at desired 
locations, such that the necessary static equilibrium condi-
tions can be satisfied in the target structure (see Note S1.1 
and Figure S2, Supporting Information for details). Here, two 
inner ribbons in the 2D precursor structure connect directly 
to the substrate. The locations and geometrical parameters of 
these ribbons can be obtained theoretically from mechanics 
analysis (see Note S1.1, Supporting Information for details). 
Figure 1b (D) shows that the resulting structure is in rea-
sonable agreement with the target configuration. Figure 1b 
(C and G) presents an example that contains a discontinuity 
point (in terms of the slope) in the target shape. In this case, 
a crease at this point allows the ribbon to be divided into two 
segments in the analyses, such that the thickness distribu-
tions for each segment can be determined analytically (see 
Note S1.2 and Figure S3, Supporting Information for details). 
As shown in Figure 1b (C and G), the target shape can be 
reproduced in experiments at the macro and millimeter 
scales. Figure 1b (H) provides an example with a semicircle 
ribbon configuration, with 3D structures that have three dif-
ferent length scales (with the ribbon width from ≈200 µm to 
≈0.5 cm).

Figure 2 illustrates an extension of this method to centrally 
symmetric 3D surfaces. Such 3D surfaces are mostly nondevel-
opable, and thereby, cannot be realized directly by buckling of 
2D structures at small material strains. Here, an approximate 
inverse design method relies on the concept of discretization, 
where the target 3D surface is divided evenly into (n) segments 
(Figure 2a). Each segment can be regarded as a 2D curved ribbon 
with varying width, and the shape of the ribbon axis is the same 
as the generatrix of the surface. The accuracy of such an approx-
imation increases with the number n (Figure 2a), through a 
quantitative relationship given in Note S2.1 (Supporting Infor-
mation). In the current study, n is 10, as shown by the results 
in Figure 2 and Figure 3. To keep the ribbon components con-
nected with each other during the 3D assembly, the ending 
points of the radial cuts have a distance of (aLS) from the center  
of the 2D precursor. Based on the geometry of the target 3D 

shape, the width distribution of each ribbon segment in the 2D 
precursor can be determined accurately as
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where |X(S)| is the absolute coordinate value of the ribbon cross 
section, namely, the distance between the specified cross section 
and the center of the entire 2D precursor. Consistent with the 
previous analyses, when the curvature K(S) of the generatrix of 
the target 3D surface is positive everywhere, the thickness distri-
bution can be determined by Equation (2), and the thickness of 
the undivided center part is set as a constant value t(LS/2 + aLS)  
to ensure the continuity of the thickness (see Note S2.1  
and Figure S4, Supporting Information for details). To this end, 
inverse design of centrally symmetric 3D surfaces is equivalent 
to that of curved ribbons with varying widths, and an analytic 
solution of the thickness distribution can be obtained.

Figure 2b provides theoretical and experimental results for 
three centrally symmetric convex surfaces, including a hemi-
sphere (A), drum (B), and fire balloon (C). As the curvature is 
positive throughout the surface, the target shapes can be repro-
duced by exploiting appropriate thickness distributions, without 
the need to introduce additional assist features. The para-
metric equation of the generatrix and the design parameters 
of these surfaces are in Note S2.2 (Supporting Information). 
For the hemisphere-like and drum-like structures in Figure 2b  
(A and B), a copper layer (150 nm) deposited after the buck-
ling assembly enhances the reflections for improved visibility 
of the curvature. In all examples, the optical images are in 
close accordance with the target shapes. Figure 2c presents 
results of millimeter scale experiments, including measured 
thickness distributions versus those determined by theoretical 
analyses, comparisons of generatrix configurations between 
the target shapes and experiments, as well as SEM images of 
the resulting mesostructures. The differences for the drum-like 
mesostructure can be attributed to discrepancies between the 
experimentally realized thickness distribution and the com-
puted one, especially at the region of large thickness gradient.

Figure 3 illustrates inverse design of four different centrally 
symmetric surfaces that contain concave regions. In the top 
two structures (A and B), the curvature of the generatrix is not 
positive everywhere, and in this case, additional assist features 
apply forces to specified locations (see Note S2.2, Supporting 
Information for details), similar to the strategy described previ-
ously. In the bottom two structures that resemble a flower (C) 
and a concave lens (D), a small central part of the target shape 
is approximately flat. Here, we incorporate a bonding region 
at the corresponding location of the 2D precursor structure. 
For the flower-like structure, the generatrix is approximated 
by a circular arc. Consequently, the width distribution of the 
ribbon segment to serve as the flower petal can be obtained 
from Equation (4). The outer ribbon segment that assists the 
formation of the inner segment has a constant width for sim-
plicity, and its thickness distribution can be obtained according 
to Equation (2). For the structure that resembles a concave 
lens (D), the generatrix contains a point with a discontinuity 
of the slope. In this case, the computed thickness distribu-
tion is similar to that of the combined ribbon structure in  

Adv. Mater. 2020, 32, 1908424
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Figure 2. Inverse design for centrally symmetric surfaces with convex configurations. a) Schematic illustration of the discretized design approach for 
centrally symmetric surfaces. b) Results of inverse design for hemisphere (A), drum (B), and fire balloon (C) shapes, including 2D precursors designed 
by theoretical analyses and corresponding 3D structures based on centimeter-scale experiments and FEA. c) Similar results for the hemisphere (A) and 
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Figure 1b (C and G). In all of the above examples, the configu-
rations of assembled 3D structures agree reasonably well with 
the target shapes. Figure S5 (Supporting Information) provides 
three additional examples.

Figure 4 introduces concepts inspired by CT, as routes to 
general, nondevelopable 3D surfaces without any central sym-
metry. With a saddle surface as an example, Figure 4a illustrates 
the general strategy. The CT-scan method (scan direction along 
the Y axis) yields profile information (n segments) for the target 
surface, to define a set of ribbons with profiles and widths 
to reconstruct the surface. Inverse design on a per ribbon 
basis yields the target 3D surface in an approximate manner. 
According to Equation (3) and the different target profiles of the 
ribbon components, the lengths of bonding sites for each com-
ponent can be derived as

L
L X L X

i ni

S i i S i i1 0
, 1,2,3,bonding( )

pre

pre

ε
ε

( )( ) ( )
=

− + −  =
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where the subscript (i) denotes the ribbon index. Typically, a 
proper value of the pre-strain εpre should be selected, such that 
the bonding lengths of all ribbon components are in a feasible 
range. Considering that the bonding length should also be suf-
ficiently large (e.g., comparable to or larger than the ribbon 
width, according to previously reported experiments) to avoid 

the delamination of bonding sites, a practicable criterion can 
be written as

Min bondingL wi( ) =( )  (6)

where w is the ribbon width determined by the space of the 
CT scan. Equation (6) requires that the length of the shortest 
bonding site is the same as the ribbon width. Inverse design of 
each ribbon component can then be completed using the afore-
mentioned methods (see Note S3.1 and Figure S6, Supporting 
Information for details).

Figure 4b presents the results for a saddle surface (A) 
and a “waterdrop” (B). Since the curvatures are all posi-
tive, the inverse design parameters can be obtained from 
Equations (2), (3), and (5). Here, 15 and 14 ribbon components 
reconstruct the saddle and the waterdrop, respectively, for rea-
sonably good agreement with the target surfaces. Expressions 
for the target surfaces and the ribbon profiles are in Note S3.2 
(Supporting Information). Figure 4c demonstrates the inverse 
design of a surface in the form of a rodent, with the target sur-
face shown in the left middle and bottom panels from two dif-
ferent views. Elliptic curves serve as best fit approximations to 
the profile curves, to facilitate inverse design of those curved rib-
bons, owing to the positive curvature of elliptic curves. Since this 
model has some suspended parts with spatially varying heights, 
the bonding sites adopt different heights for each ribbon. The 2D  

Adv. Mater. 2020, 32, 1908424

Figure 3. Inverse design for centrally symmetric surfaces that contain concave configurations. A–D) Results for donut (A), complex surface (B), flower 
(C), and concave lens (270°) (D) shapes, including the 2D precursors designed by theoretical analyses and corresponding 3D structures based on 
centimeter-scale experiments and FEA.
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precursor and the height distribution of the bonding sites are 
in Figure S7 (Supporting Information). Since the head and tail 
of the rodent are much smaller than the body, patterned mem-
branes serve as the basis to reconstruct these two regions. The 
FEA and optical images of the assembled structure look quite 
similar to the target shape. An additional example in the form 
of a cartoon face appears in Figure S8 and Note S4 (Supporting 
Information), with two spherical and a conical surface.

In conclusion, we introduce an analytic inverse design 
method for designing 3D ribbon shapes through use of the 
spatially varying thicknesses and assist features in corre-
sponding 2D precursors. By discretizing target 3D surfaces 
into a set of ribbon components, this analytic development 
allows for inverse design of centrally-symmetric surfaces and 
more general surfaces in an approximate manner. Demonstra-
tions across a variety of complex 3D configurations (e.g., fire 
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balloon, donut, flower, concave lens, saddle surface, waterdrop, 
and rodent) suggest general applicability of these methods. The 
ideas allow for rational assembly of 3D mesostructures with 
surface geometries precisely matched to target configurations, 
of possible utility in devices that demand accurately tailored 3D 
geometries, such as antennas, high-precision sensors and bio-
integrated electronic systems.

Experimental Section
Assembly of 3D Structures: A silicon wafer served as the substrate. 

Spin coating poly(methyl methacrylate) (PMMA A8; 3000 rpm, 30 s) 
formed a sacrificial layer for transfer printing. Chemical vapor deposition 
(SCS Labcoater 2, PDS 2010) yielded a uniform film of parylene (15 µm) 
on the PMMA. Here, a slightly thicker parylene (as compared to the 
maximum thickness (10 µm) required for the final 2D precursor) can 
facilitate the subsequent fabrication processes, noting that the excess 
is removed by reactive ion etching (RIE). Spin casting (1000 rpm, 30 s) 
and soft baking (110 °C, 3 min) defined a film of photoresist (AZ 4620; 
10 µm) on the parylene. Grey lithographic patterning (Heidelberg MLA 
150; maximum dose: 500 mJ; wavelength: 375 nm; develop: 100 s 
in AZ 400K developer diluted with water in a 1:2 volume ratio) of the 
photoresist defined structures with desired patterns and thickness 
distributions. Reactive ion etching (SAMCO Inc) with an oxygen plasma 
(Pressure: 26.7 Pa, Power: 100 W, O2: 100 SCCM) transferred the pattern 
of photoresist into a corresponding pattern in the parylene. A 3D optical 
profiler (Zygo) quantified the geometric features of these parylene 
precursors. Dissolving the PMMA in acetone allowed retrieval of the 
precursor onto the surface of a water-soluble tape (AQUASOL). A film 
of polyimide (75 µm) patterned by laser ablation served as a shadow 
mask for electron beam deposition of Ti (15 nm)/ SiO2 (100 nm) to 
define bonding sites on the precursor. Exposing a pre-stretched silicone 
elastomer (Dragon Skin 10 Slow) and the precursor to ultraviolet 
induced ozone created surface hydroxyl termination. Laminating the 
precursor on the elastomer, followed by baking in a 70 °C convection 
oven for 10 min, created strong adhesion at the bonding sites. Finally, 
dissolving the water soluble tape in warm water and releasing the pre-
strain completed the assembly of the 3D structures.

Macroscale 3D structures used 2D precursors defined by a 3D printer 
(Object 260VS, Stratasys) in Veroblue, transferred onto a prestretched 
silicone substrate (≈3 mm in thickness, Dragon Skin, Smooth-On) with 
strong covalent bonding produced by a commercial adhesive (Super 
Glue, Gorilla Glue Company). Release of the pre-stretch triggered the 
2D-to-3D transformation, thereby completing the 3D assembly.

Finite Element Analysis (FEA): Four-node shell elements (S4R in 
commercial software ABAQUS) were adopted for the 2D precursors. 
Refined meshes were used to ensure the computational accuracy. 
The elastic modulus (E) and Poisson’s ratio (υ) are EVeroblue = 2 GPa 
and υVeroblue = 0.3 for Veroblue used in macroscale experiments, and 
EParylene = 2.7 GPa and υParylene = 0.4 for Parylene used in microscale 
experiments. Geometrical imperfections obtained from the linear-
buckling analyses were employed in the simulations of the postbuckling 
processes that yielded the predicted 3D configurations of buckling-
guided assembly.

Supporting Information
Supporting Information is available from the Wiley Online Library or 
from the author.
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